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Overview

• Ridit method/example – Course Rating by Students 
– Basic Method & Notation

• Ridit example – Borg Scores for Fatigue Levels 
– Means & Confidence Intervals using standard method

– Distribution comparisons using a distance-based 
method

– Confidence Intervals using randomization
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Ridit Analysis
• Consider a simple example: 27 students are 

asked to answer ‘Course was good?’  from #1 
(Strongly Disagree) to #5 (Strongly Agree)

Good

Bad



Ridit Analysis – (continued)

• Proportions p and q (i.e. estimated probabilities) 
are computed from the data. E.g. 0.185 = 5/27, etc.

• A population (Last year’s) is set as the ‘Reference’
• The k-th ridit of the Ref. population is defined as:  

𝑟𝑟𝑘𝑘 = �
𝑞𝑞1
2

𝑓𝑓𝑓𝑓𝑟𝑟 𝑘𝑘 = 1,

𝑞𝑞1 + ⋯+ 𝑞𝑞𝑘𝑘−1 + 1
2
𝑞𝑞𝑘𝑘 𝑓𝑓𝑓𝑓𝑟𝑟 𝑘𝑘 > 1
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Ridit Analysis

• Form columns rp and rq, and sum (∑) each one

• ∑ rp = 0.411 is the probability that the Reference pop. will be ‘to the left’ of 
the Comparison pop. 

– If the p’s are ‘bunched’ to the right versus the q’s, then ∑ rq < ∑ rp
– that is, high ∑ rp ⟹ Reference pop. (q’s) is bunched ‘to the left’ of p’s
– that is, high ∑ rp ⟹ Reference pop. (last year) was worse than this year

• Our  HYPOTHESIS  is that  ∑ rp ≥ 0.5      What does this mean?
– If true, then last year’s (Reference) scores are worse than this year’s
– However, it’s obvious that ∑ rp = 0.411 ≤ 0.5 - So was last year better?
– Can only say this if experimental error = 0 We need a statistical test!
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Ridit Analysis – Hypothesis Test

• ‘Experimental error’ means that, if the underlying situation stays the 
same, but we draw a new sample, the numbers (p’s and q’s) we see 
will be somewhat different. So conclusions might change

• To test Ho: ∑ rp ≥ ∑ rq = 0.5 , form z = (∑ rp – 0.5) / 1
12𝑚𝑚

+ 1
12𝑛𝑛

+ 1
12𝑚𝑚𝑛𝑛

• For large samples, z is a Normal variate. However, in many tests we deal 
with small samples, so we shall rather use a t-distribution approximation, 
and with:  

m = n = 27.  So t = (0.411- 0.5)/sqrt(0.0063)= -1.12, with d.f.= m+n-2 = 52

• Left-tail, critical t (at 95% confidence, d.f.=52) = -1.675, so do not reject Ho  
 We cannot say that this year’s scores are any better than last year’s

• NOTE: We can also test Ho: ∑ rp = ∑ rq in the usual way
• NOTE: If we had another distribution (e.g. p-scores from another school, 𝐩𝐩𝐨𝐨), we 

could test Ho: ∑ rp ≥ ∑ r𝐩𝐩𝐨𝐨 using q as ref., and var = 1
12𝑚𝑚

+ 1
12𝑛𝑛
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Borg-scale Fatigue Levels vs. G
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• The Borg Scale measures physiological exertion and is 
given over a range of 6 through 20, with 6 being ‘No 
exertion at all’

• Five pilots flew several repeat sorties at different G levels 
and recorded ‘Fatigue’ on a modified Borg scale of 0 
through 10 – (very similar to a Cooper-Harper scale)

• The G levels were: G1, G2, … ,G6, G7 with G1 slightly 
above ground-level zero G as a ‘baseline,’ and G6 and 
G7 being repeated maneuvers at 8G and 9G respectively

• Is Fatigue at higher G levels significantly greater than 
Fatigue at G1 ? No observed Fatigue rating was > 5



Adjusted Borg scores for 
‘Fatigue’ vs. increasing G levels
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Adjusted Borg scores given by pilots 
flying at increasing G levels
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Ridit Analysis of the Borg scores

• Ridits for the Borg Fatigue scores vs. 
increasing G levels, and the probability that 
each value is less than the G1 reference level 
(by Bonferroni-adjusted t-value)
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Ridit Plot + Confidence Intervals

• Plot of mean ridits and their 95% Bonferroni-adjusted 
confidence intervals for the Borg Fatigue scores vs. G

• Problem: Several CI’s show overlap of (0, 1). 
– This implies that our distribution theory is only approximate 
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COMPARING TWO DISTRIBUTIONS

• In OCD analysis, we really want to test if two score 
distributions—for example, G1 and G7 scores—differ

• Consider how we’d compare two distributions that we’ve 
turned into probabilities, like: G1 𝑝𝑝𝑖𝑖 , G7 {𝑞𝑞𝑖𝑖}

• A ‘distance’ measure is 𝐻𝐻2 = 1 − ∑ 𝑝𝑝𝑖𝑖𝑞𝑞𝑖𝑖
• 𝐻𝐻2 is called the ‘Squared Hellinger Distance’, and is 1 if the 

𝑝𝑝𝑖𝑖 , 𝑞𝑞𝑖𝑖 , do not overlap, and in [0, 1) if they do. This seems 
OK as a ‘distance’, but there’s a problem: In the table below, 
Gx vs Gy has 𝐻𝐻2 = 1, which we’d expect, but so do Gx and Gz
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FITTING BETA DISTRIBTIONS

• A solution to this problem is to fit continuous
distributions to the observed discrete probability data.

• A flexible distribution to fit, in the case of a discrete 
distribution lying in [0, 1], Is the Beta(α, β) distribution

• For any given discrete probability distribution, we need 
an estimate of α and β. These are given by the ‘Method 
of Moments’ formulas:

�∝ = �̅�𝑥 ( �̅�𝑥 1−�̅�𝑥
�𝑣𝑣

− 1 ), if  �̅�𝑣 < �̅�𝑥(1 − �̅�𝑥), �̅�𝑥 is a mean

�𝛽𝛽 = (1 − �̅�𝑥) ( �̅�𝑥 1−�̅�𝑥
�𝑣𝑣

− 1 ), if  �̅�𝑣 < �̅�𝑥 1 − �̅�𝑥 , �̅�𝑣 a variance

�̅�𝑥 = ∑𝑟𝑟𝑖𝑖 𝑝𝑝𝑖𝑖 for each distribution, �̅�𝑣 = ∑𝑝𝑝𝑖𝑖(𝑟𝑟𝑖𝑖 − �̅�𝑥)2 .
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A Common Domain is Required

• Hellinger’s Distance requires that the distributions we are 
comparing be defined over a common domain

• Our reference-derived ridits will serve as the domain over 
[0,1] but, using G1 as the ref. basis, pushes us to the left

• A solution is to use the row sums of G1…G7 as reference:
• This spreads the domain out better, and gives new means 
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Observed Probability ~’s for G1…G7
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Fitted Beta ~’s for G1…G7
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The 𝑯𝑯𝟐𝟐 Distances Computed

• Hellinger distances for the continuous Beta distributions 
can now be computed (B is the beta-function) as:

• Applying the above formulas, obtain {α, β} for all seven 
distributions and their H² distances from G1:
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Use𝑯𝑯𝟐𝟐 to test distribution differences  
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• Now we have the distance from G1 (as a reference) to all 
the other six distributions, we can use the H²’s to run 
randomization tests to find the probability that a null 
hypothesis of the type Ho: G1=G2 is false:
1. Given: H²(G1, G2) = 0.016 
2. Take a random sample of size n=10 from G1, and another 

from G1 again. Compute H² between these two samples. Do 
this 10,000 times

3. Compute {number of times H² ≥ 0.016} / 10000. This is the 
estimated probability P that H² =0.016 will occur given Ho is true

4. P = 0.789, so Ho is likely to be true. All prob.’s shown below:



Use 𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩 ~′𝒔𝒔 for confidence intervals on 
differences between means 

1. Draw two samples, each size n=10, at random from each 
of two Beta distributions

2. Compute the difference between the means. 
3. Do 1 & 2 10,000 times
4. Compute 100(1-alpha/(2K)) C.I. quantiles based on 

proportions where K=number of comparisons we will 
make (and gives the Bonferroni correction for a 95% overall 
confidence level; K=6; upper / lower quantile = 99.6% / 0.42%).

This method, comparing G1’s ridit mean to all other means, gives 
C.I.’s: So G3, …,G7 are all ≠ G1: The probability that their OCD 
distributions are different to G1 is confirmed. (G4 is ‘borderline’).
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Summary & Conclusions

• It is important to use ridits, or some other nonparametric method,  
when comparing different flight-test situations with ordinal categorical 
data (OCD) ratings such as Cooper-Harper, or the Borg scale

• RIDIT ANALYSIS is recommended as a simple technique to replace 
the incorrect use of ordinal categorical data as ratio-scale numbers. 

• We have demonstrated the use of ridit analysis in its standard form, 
and examined it for the case of student scores and Borg-scale ratings

• We have shown that ridit analysis applies to these cases, and that a 
new method –using fitted Beta distributions, a Distance-based 
method, along with randomization trials produce comparisons of mean 
values, and C.I.’s, that give valid probability results.
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